Abstract. This work presents new interesting results in both areas of graph theory and quantum computation. It analyzes the complexity of preparation of some quantum states called graph states, and investigates the evolution of the minimal degree of a graph by a combinatorial operation introduced by Bouchet [5] called local complementation, characterizing this minimal degree using local properties and using a game introduced by Sutner [20] in relation with cellular automata and called σ-game. Then it presents a graph contraction-based algorithm that benefits of additional workspace (composed of ancillary qubits) to reduce the time complexity of the preparation of these states, and proves a timespace tradeoff T S = O(m), where m is the number of edges of the graph. The case where unitary operators are used and also the case where only measurements are available are considered. Finally, it proves upper and lower bounds on the dimension of the observables required when no additional space is available. Up to our knowledge, this is the first work that proves non trivial graph properties and use them to prove upper and lower bounds for quantum computation.
Introduction
Graph states are multi-partite entangled states that can be characterized by graphs, where the vertices represent qubits and edges represent the existence of entanglement between connected qubits (see section 2 for a formal definition). The graph state formalism is a useful abstraction of entanglement and is related to self-dual additive code over GF (4) [1] , quantum error correction codes [19] , and is used for multi-partite purification schemes [9] . Graph states also represent universal resources for measurement-only quantum computation [17] , where any computation starts with preparing some graph state.
Preparing graph states is then a crucial task for quantum computing and different ways to prepare graph states has been proposed [2, 18, 8, 13] . A first bound for the complexity of the preparation of an n-qubit graph state using Kolmogorov complexity has been evaluated to n 2 [14] . Since the application of local unitary transformations does not modify the entanglement of a quantum state, the LU -equivalence and its stronger version the LC-equivalence, are generally associated with graph states: two quantum states are LU -equivalent (LC-equivalent) iff there exists a local unitary (local Clifford 1 ) transformation which transforms one state into the other. It is conjectured that two graph states are LC-equivalent iff they are LU -equivalent.
Unfortunately, the graph state representation of entanglement is not unique, because there exist different but LC-equivalent graph states. Thus LU and LC equivalences induce non trivial classes of equivalence over graph states. In the case of LC-equivalence, these classes have been characterized by Van den Nest [21, 22] by means of graph transformations called local complementation 2 : two graph states are LC-equivalent iff there exists a sequence of local complementations which transforms one of the corresponding graphs into the other.
Thus, in the first part of the paper, we investigate the problem of finding the smallest value δ loc of the minimal degree 3 over the class of equivalent graphs under local complementation. This quantity will be used to prove lower bounds for the preparation complexity. A useful tool used for this characterization is the σ-game formalism which was introduced by Sutner [20] , generalised in [11] , and is strongly related to additive cellular automata on graphs with state space a monoid.
The second part analyses the complexity of graph state preparation. A graph state preparation is nothing but an algorithm taking a mathematical graph as input, and which outputs a quantum state that is LC-equivalent to the input graph state. This problem is a special instance of a more general problem known as the algorithmic complexity of quantum states [23, 3, 10, 14] . Here, the approach is adapted to the context of the graph state formalism: we consider a weaker problem which is the preparation of a given graph state up to a local Clifford transformation, moreover the proposed algorithms are based upon some graph theoretic properties like local complementation, graph contraction or coloring.
In this paper we consider two kinds of resources: the time T and space S (number of qubits), and we allow parallelization of operations acting on distinct quantum systems. Considering first a set of operations composed of 1-and 2-qubit unitary transformations, and measurements in the computational basis, we propose an algorithm which achieves the preparation of any graph state within the following tradeoff: T S = O(m), where m is the number of edges of the input graph. Thus, any time complexity T ≤ ∆ where ∆ is the degree of the input graph can be achieved within a workspace S = O(m/T ).
Since graph states are important in the context of measurement-based quantum computation, we analyse the evolution of the tradeoff using only measurements.
1 a n-qubit local Clifford transformation is of the form C1 ⊗ C2 ⊗ . . . ⊗ Cn, where each
Finally, the case where S = n, i.e. no ancillary qubit is available, is considered. In this case, we introduce an algorithm which permits to prepare any graph state by means of observables whose dimensions depend on the minimal degree of the graph. Using a characterization of the minimal degree δ loc of equivalent graph states under local complementation, we also prove that measurements on at least δ loc qubits are necessary and sufficient for measurement-based graph state preparation without ancillary.
Graph States
Let G be a graph on n vertices (no loops) with n × n adjacency matrix A. Let q A be the associated quadratic form over F 2 , mapping
Then the graph state associated with G is simply the 2 n -dimensional vector
Graph states can also be characterized as eigenvectors with eigenvalue 1 of a set of commuting operators [15] : for any graph G = (V, E), there exists a unique graph state |G (up to a global phase) such that ∀v ∈ V , g v |G = |G , with g v the Pauli operator 4 σ
is the set of vertices adjacent to v.
The set of operators {g v , v ∈ V }, which form a group, is called a stabilizer [15] of |G .
Local Complementation and Minimal Degree
In this section, the relationship between local complementation and the minimal degree δ(G) of a graph G, i.e. the minimal vertex degree in G, is explored. The results of this section will be used to characterize the complexity of some graph state preparations which depends on the minimal degree under local complementation of the graph to prepare.
For a given graph G = (V, E):
is the graph obtained from G by a local complementation with respect to the vertex v ∈ V ie the symmetric difference of the graph G and the complete graph over the neighbours of v. -the minimal degree under local complementation of G, δ loc (G), is the smallest minimal degree of a graph that can be reached by a sequence of local complementations from G.
4 a n-qubit Pauli operator is of the form P1 ⊗P2 ⊗. . .⊗Pn, where each Pi ∈ σx, σy, σz,
The following lemmas exhibit upper bounds for the minimal degree under local complementation.
This lemma is a special instance of the following more general one:
The proof is by induction on k = |K|. Suppose that the set K contains only one vertex, i.e. K = {v}.
Consider a graph G = (V, E) having a d-locally evenly seen set K, with
If there exists a vertex v in K such that the cardinality of Figure 1 ) Otherwise, all vertices v in K are such that Thus, given a graph G and a d-locally evenly seen set K, the following algorithm outputs a sequence of at most 2|K| vertices
-Initially S={}, and K is a d-locally evenly seen set.
Theorem 1. A graph G has a d-locally evenly seen set and no
Proof. The main idea for the proof of the lower bound is that a d-locally evenly seen set cannot be created by means of local complementaions, a detailed proof is given in Appendix.
This implies that an n × m cluster state (grid graph) with n ≥ 2 or m ≥ 2 has as minimal degree 2 under local complementation.
Furthermore, thanks to the degree reducing algorithm, finding an optimal set K permits to derive an optimal sequence of local complementations to reduce the degree of a graph G to δ loc (G). However, up to our knowledge, the complexity of this optimisation is still an open problem.
Note that Lemma 2 can be seen in terms of a combinatorial game on graphs called σ-game. This game was introduced by Sutner [20] generalised in [11] and is related to cellular automata. A configuration on a graph is an assignment of values in{0, 1} to the vertices in G. One may think of a vertex v of G as abutton the player can press at his discretion. If vertex v ischosen, the value of all the vertices adjacent to v are flipped.
Indeed, a set K is d-locally evenly seen iff playing on all the vertices in K does not modify the state of the vertices in V \ D. It comes: This theorem shows that finding an optimal d-locally evenly seen set is nothing but finding a minimal set D such that A D has 0 as eigenvalue, which implies the following corollary:
where A is the adjacency matrix of G.
Note that the relationship between the A X adjacency matrices and the local complementation has already been pointed out in [5] where it has been shown that the connectivity function c : X → rank(A X ) is invariant under local complementation.
Graph State Preparation
A graph state preparation is nothing but an algorithm taking a mathematical graph as input, and which outputs a quantum state which is LC-equivalent to the input graph state. For a given graph G = (V, E), we note n = |V | the number of vertices, m = |E|, and ∆ the degree of G, i.e. the maximal number of edges incident to a same vertex. According to the main two representations of graphs: adjacency matrix and adjacency list, the input sizes are respectively n 2 and m. The set of allowed quantum operations is composed of 1-and 2-qubit unitary transformations, and measurements in the standard basis. Classical operations have to be realizable in a polynomial time and a polynomial space, and we consider two kinds of resources for quantum operations: the time T and space S. T is the number of steps required to realize the quantum operations knowing that we allow parallelization of operations acting on distinct quantum systems. S is the size of the quantum workspace, i.e. the number of qubits. We assume that each qubit of the workspace is initially in the state |+ =
An algorithm which achieves the preparation of an n-qubit graph state |G consists in:
-associating with each vertex of G, a qubit in the state |+ , -applying, for each edge of G between two vertices k and l, the unitary transformation ΛZ 5 on the corresponding qubits k and l.
The proof of this algorithm can be found in [12] . For this algorithm, S = n and T = O(m).
5 ΛZ = |00 00| + |01 01| + |10 10| − |11 11| is a Controlled Phase gate with relevant properties of symmetry: ΛZ (k,l) = ΛZ (l,k) and commutativity:
Graph Coloring
An intuitive improvement, which is used for instance in [2] consists in coloring the edges of the input graph with χ colors, where χ is the edge-chromatic number and ∆ ≤ χ ≤ ∆ + 1, according to Vizing theorem [24] . Then, for each color c, all ΛZs corresponding to edges of color c are applied in parallel. We obtain the following complexity: S = n and T = O(χ ) = O(∆). Notice that the graph can be colored within O(∆) colors in a polynomial time.
Graph State Contraction
To optimize the duration of the preparation, the following graph transformations are used (see Figure 4 ):
-Graph expansion: Given a graph G = (V, E), the graph expansion of G with respect to a vertex v and a subset R ⊆ N G (v) of neighbors of v, is the graph G = (V {u, w}, E ) where
-The reverse transformation is a graph contraction. Proof. Let G be the graph obtained from G by expanding a vertex v (Figure 4 ). According to the rules of evolutions of the stabilizer [15] , after a measurement according to the observable σ (u)
x , the elements of the stabiliser of |G , g v and g w corresponding to the vertices v and w are replaced by g v g u (as they anticommute with the observable). Then a measurement according to the observable σ (w) x will change all the elements of the stabilisers g i with i ∈ N G (w) transferring the neighborhood of w to v. The resulting state is composed of two separated qubits u and w and the graph state |G up to a Pauli operator.
Property 2. For any graph G, there exists a sequence of expansions which leads, in a polynomial time, to a graph G such that ∆(G ) ≤ 3.
Proof. A constructive proof consists in expanding recursively all the vertices with a degree greater than 4.
These graph transformations are particularly relevant in graph state preparation because a graph contraction can be realized on a graph state by means of onequbit measurements only, see Figure 4 . The output of a graph state contraction is probabilistic, because of the applied projective measurements. This probabilistic aspect can be embedded into a corrective Pauli operator which depends on the classical outcomes of the measurements. Fortunately, the graph state contraction is robust with respect to this corrective operator, thus graph state contractions can be recursively applied without taking care about the result of measurements. 
l + 3. Thus for any k ≥ 4 the number of consecutive expansions to reduce the degrees to less than k is l = log( According to Property 1, this algorithm leads to the graph state |G up to a Pauli operator. Thus, any time complexity T ≤ ∆ can be achieved by the algorithm using a space S = O(m/T ).
As a consequence, any graph state can be prepared in a constant time using O(m) ancillary qubits.
Notice that this algorithm outputs a graph state |G up to a Pauli operator P . In order to produce the exact graph state |G , P can be applied in a constant time, with no need of additional workspace. Moreover, since the preparation has to be done up to a local Clifford transformation, instead of preparing a graph G, one can prepare an equivalent graph G (i.e. reachable from G by means of local complementations) which has the minimal number of edges m loc . Unfortunately, up to our knowledge, there is no classical algorithm finding the minimal number of edges under local complementation in a polynomial time.
Measurement Only Preparation
Since graph states are used in the context of measurement-based quantum computation, a measurement-based version of graph state preparation is then considered. This consists in replacing the set of 1 and 2-qubit unitary transformations, by a set composed of projective measurements only. As any 1 and 2-qubit unitary transformation can be simulated by means of 2-qubit projective measurements, requiring one ancillary qubit [16] , the simulation of two unitary transformations in parallel requires two ancillary qubits, and so on. Notice that contrary to the unitary case where ancillary qubits are only used to optimize the time of the preparation, some ancillary qubits are required by the algorithm to simulate the parallel unitaries. In the case where there is no ancillary qubit (S = n), a measurement-based preparation is still possible but it requires measurements on more than two qubits.
Measurement Only Preparation without Ancillary Qubit
Lemma 3. Any n-qubit graph state |G can be prepared with a workspace S = n, using projective measurements only such that all the measurements are on at most δ(G) + 1 qubits with
Proof. For any G = (V, E), an algorithm which permits to prepare any graph state |G without ancillary qubits consists in considering a vertex v ∈ V such that the degree of v is minimal, i.e. δ(v) = δ(G), then -a graph state |G where G = G \ v is prepared using the previous algorithm with v as ancillary qubit -the qubit v is measured in the standard basis, -a projective measurements on δ(G) + 1 qubits, according to the observable σ
The first stage leads, up to a Pauli operator, to a graph state |G stabilized by {σ
z , j ∈ V }. After the second stage, the qubit v is stabilized by {σ (v) z } up to a Pauli operator. According to the rules of evolutions of the stabilizer [15] , the third stage leads to the graph state |G up to a Pauli operator.
Since the preparation may be done up to a local Clifford transformation, the algorithm can be improved by preparing not directly a graph state |G but an equivalent graph state |G , where G has a smaller minimal degree than G. Thus, instead of preparing directly the graph state |G , the graph state |G is prepared where |G and |G are LC-equivalent and δ(G ) = δ loc (G). In this case the size of the measurements is upper bounded by δ loc (G) + 1. Unfortunately, up to our knowledge, there is no polynomial algorithm which produces such a graph G .
Theorem 5.
A measurement-based preparation of any graph state |G without ancillary qubit needs measurements on at least δ loc (G) + 1 qubits.
Proof. By contradiction, we assume the last measurement of the preparation on only δ loc (G) qubits and the outcome of this measurement is 1. Let W be the observable describing this measurement, let D be the set of these δ loc (G) measured qubits, and let {g v , v ∈ V } be a stabilizer of |G . We have W |G = |G moreover the application of σ x on a qubit u leads to a state stabilized by {α v g v , v ∈ V }, with α v = −1 if v ∈ N G (u) and 1 otherwise. Thus this application is similar to press a vertex in σ-game where the configuration is the signs of the operators of the stabilizer.
If σ x is applied on some qubits outside D, leading to a configuration c, and then the qubits outside D are measured in the standard basis, a δ loc (G)-qubit state |φ c is reached. One can show that for any two distinct configurations c, c φ c |φ c = 0, so since all the 2 δ loc (G) configurations can reached according to theorem 2, {|φ c } is a basis. Moreover, as σ x are applied outside D for any c, W |φ c = |φ c , thus W is nothing but identity.
Conclusion
For a given graph, we characterize its minimal degree evolution under local complementation by a static property: the existence of a d-locally evenly seen set in the graph. This characterization is investigated to prove lower bounds on the complexity of preparing an important class of quantum states, the graph states. Finally we propose an algorithm achieving the preparation of any graph state within the space-time tradeoff T S = O(m) for any fixed time complexity T , where m is the number of edges of the graph to prepare.
Beyond the characterization of minimal degree under local complementation, and the graph state preparation, the study of local complementation on graphs turns out to be a promising activity to better understand the quantum phenomenon of entanglement. This work also paves the way for the study of new graph properties useful for quantum computing, like the characterization of the minimal number of edges under local complementation.
Appendix : proof of Theorem 1
In this section we prove that a graph G has a d-locally evenly seen set and no (d − 1)-locally evenly seen set iff δ loc (G) = d − 1.
First notice that if δ(G) ≤ d then G has a (d + 1)-locally evenly seen set. Indeed, let v be a vertex of degree d, K = {v} and D = {v} N G (v). K is a (d + 1)-locally evenly seen set.
Thus to prove that a graph G that has no d-locally evenly seen set satisfies δ loc (G) ≥ d it is sufficient to prove that a d-locally evenly seen set cannot be created by means of local complementations.
By contradiction, suppose that G has no d-locally evenly seen set and G = G * v has a d-locally evenly seen set K.
Notice that a local complementation is its self inverse: G * v * v = G.
-If v ∈ V \ D then K is still a d-locally evenly seen set in G * v = G which is impossible.
-if |L| is even, for any vertex u ∈ V \ D the parity of |N G (u) K| does not change by local complementation with respect to v which is impossible. -if |L| is odd then, if v ∈ K then K \ {v} is d-locally evenly seen by complementing with respect to v (as in proof of lemma 2). Otherwise, v has an odd number of neighbors in V \ D and all its neighbors evenly see K.
Thus after the local complementation K {v} is a d-locally evenly seen set in G * v which is impossible.
